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$\zeta_{k}(s_{1}, \ldots, s_{k}):=\sum_{0<n_{1}<\cdot\cdot<n_{k}}.\frac{1}{n_{1}^{s_{1}}\cdots n_{k^{k}}^{s}}$
, si $(i=1, \ldots, k)$ , $\Re s_{i}\geq 1(i=1, \ldots, k-1)$ ,
$\Re s_{k}>1$ . , $(s_{1}, \ldots, s_{k})=(m_{1,\ldots,k}m)\in N^{k}(m_{k}\geq 2)$
, $\zeta_{k}(m_{1}, \ldots, m_{k})$ . $\zeta_{k}(m_{1}, \ldots,m_{k})$ ,
$m_{1}+\cdots+m_{k}$ “ ” , $m_{i}$ $k$ “ ” .
, $(k(s_{1}, \ldots, s_{k})$ “ ”
$(s_{1}, \ldots,s_{k})$ “ ” $(\zeta_{k}$ $k$
). , $\zeta_{2}(s_{1},s_{2}+s_{3})$ $s_{1},s_{2},s_{3}$ 3 ,
2” $(s_{1}$ $s_{2}+s_{3})$ .
,
. Atkinson , Riemann $\zeta(s)=\sum_{n=1}^{\infty}n$
‘
$S(=\zeta_{1}(s))$




, Zhao[8], - - [1], [5] , . ,
, [6] . - -
, Euler-Maclaurin . ,
, $\mathbb{C}^{k}$ . ,
$s_{k}=1$ , $s_{k-1}+s_{k}=2,1,0,$ $-2,$ $-4,$ $\ldots$
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$\sum_{i=1}^{j}s_{k-i+1}\in Z_{\leq J}(:=\{m\in Z|m\leq j\})(j=3,4, \ldots, k)$ .
( ,
). , ,
$(s_{1}, \ldots, s_{k})=(-r_{1}, \ldots, -r_{k})\in Z_{\leq 0}^{k}$ , . ,
$(-r_{1}, \ldots, -r_{k})$ ([1]). ,
, $\zeta_{k}=f/g$ ,





$\lim_{s_{k}arrow-r_{k}}\zeta_{k}(s_{1}, \ldots, s_{k})$ ,
$(_{k}^{R}(-r_{1}, \ldots, -r_{k})=\lim_{s_{k}arrow-r_{k}}\cdots\lim_{s_{1}arrow-r_{1}}\zeta_{k}(s_{1}, \ldots, s_{k})$,
$\zeta_{k}^{C}(-r_{1}, \ldots, -r_{k})=\lim_{\epsilonarrow 0}(k(-r_{1}+\epsilon, \ldots, -r_{k}+\epsilon)$ ,
, regular value, reverse value, central value .
, regular value, reverse value ( 1 1




(2.1) $(s)_{q}^{\pm}:=\{\begin{array}{ll}s(s+1)\cdots(s+q-1) if q=1,2, \ldots,\pm 1 if q=0,1/(s-1) if q=-1,\end{array}$
$a_{q}$ $:=B_{q+1}/(q+1)$ ! . $B_{n}$ , -Bernoulli . ,
$\phi_{l}(m, s)=\frac{(s)_{l+1}^{\pm}}{(l+1)!}\int_{m}^{\infty}\tilde{B}_{l+1}(x)x^{-s-l-2}dx$,
.
. , $\overline{B}_{n}(x)=B_{n}(x-[x])$ Bernoulli . $\phi_{\iota}(m, s)=O(m^{-\Re s-l-1})$
. , .
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LEMMA 2.1 $(REGULAR-TYPE,$ $-$ $-$ $[1])$ $\Re s_{i}>1(i=1, \ldots, k)$
$l$ ,
$\zeta_{k}(s_{1}, \ldots, s_{k-1}, s_{k})=\sum_{q=-1}^{l}(s_{k})_{q}^{+}a_{q}\zeta_{k-1}(s_{1}, \ldots, s_{k-2}, s_{k-1}+s_{k}+q)$
$(2.2)$
$- \sum_{0<n_{1}<\cdots<n_{k-1}}\frac{\phi_{l}(n_{k-1},s_{k})}{n_{1}^{s_{1}}\cdots n_{k-1}^{s_{k-1}}}$ ,
. ,
$l>- \Re s_{k-1}-\Re s_{k}+k-2-\sum_{i1\leq_{\Re s_{i}\leq 0}\leq k-2},$
$\Re s_{i}$
, .
LEMMA 2.2 (REVERSE-TYPE, - [2]) $\Re s_{i}>1(i=1, \ldots , k)$
$l$ ,
$\zeta_{k}(s_{1}, s_{2}, \ldots, s_{k})=-\sum_{q=-1}^{l}(s_{1})_{\overline{q}k-1}a_{q}((s_{1}+s_{2}+q, s_{3}, \ldots, s_{k})$
$+\zeta(s_{1})\zeta_{k-1}(s_{2}, \ldots, s_{k})$
(2.3)
$+ \sum_{j=2}^{k-1}(-1)^{j}\zeta_{k-j}(s_{j+1}, \ldots, s_{k-1}, s_{k})\Phi_{j}^{l}(s_{1}, \ldots, s_{j})$
$+(-1)^{k}\Phi_{k}^{l}(s_{1}, \ldots, s_{k})$ ,
.
$\Phi_{m}^{l}(s_{1}, \ldots, s_{m}):=n_{m}\leq\cdots\leq n\sum_{2}\frac{\phi_{l}(n_{2},.s_{1})}{n_{m}^{s_{m}}\cdot\cdot n_{2}^{s_{2}}}$ $(2\leq m\leq k)$
, $\Phi_{m}^{l}(s_{1}, \ldots, s_{m})$
$l>- \Re s_{1}-\Re s_{2}+m-2-\sum_{3\leq i\leq m},$
$\Re s_{i}$ .
. , , $m=2$ .
Lemma2.1 Lemma2.2 , $l$ ,
$\mathbb{C}^{k}$ .
Lemma 2.1, Lemma 2.2 , $k$ , $k-1$
. , , , Riemann
.
39
3. $\{i_{1}, \ldots, i_{k}\}=\{1, \ldots, k\}$ ,
$\zeta_{k}(-r_{1}, \ldots, -r_{k}):=\lim_{i_{j}=k}\lim_{i_{j}=1}\zeta_{k}(s_{1}, \ldots, s_{k})i_{1}i_{k}s_{j}arrow-r_{j}\cdots s_{j}arrow-r_{j}$
. , ,
, . , regular value reverse
value
$(k(-r_{1}, \ldots, -r_{k-1}, -r_{k})=\lim_{s_{1}arrow-r_{1}}k21$ . . . $s arrow-r_{k-1}\lim_{k-1}\lim_{s_{k}arrow-r_{k}}\zeta_{k}(s_{1}, \ldots, s_{k})$
$\zeta_{k}(-r_{1}, -r_{2}, \ldots, -r_{k})=\lim_{s_{k}arrow-r_{k}}\cdots\lim_{s_{2}arrow-r_{2}}\lim_{s_{1}arrow-r_{1}}\zeta_{k}(s_{1}, \ldots, s_{k})12k$
.
Lemma 2.1, Lemma 2.2 , 2 ,
$\zeta_{2}(-r_{1}, -r_{2})=\sum_{q=-1}^{r_{2}}(-r_{2})_{q}^{+}a_{q}\zeta(-r_{1}-r_{2}+q)21$ ,
$\zeta_{2}(-r_{1}, -r_{2})=-\sum_{q=-1}^{r_{1}}(-r_{1})_{\overline{q}}a_{q}\zeta(-r_{1}-r_{2}+q)+\zeta(-r_{1})\zeta(-r_{2})12$,
. 2 , 2 . , 2
,
(3.1) $(_{2}(-r_{1}, -r_{2})=\zeta_{2}(-r_{1}, -r_{2})+(-1)^{\mu}r_{1}!r_{2}!a_{r_{1}+r_{2}+1}1221$
. , $\mu=r_{1}$ $r_{2}$ ( ).




2 regular value reverse value (3.1) , .
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COROLLARY 3.2 $r_{i}(i=1,2,3)$ ,
$\zeta_{3}(-r_{1}, -r_{2}, -r_{3})=(3(-r_{1}, -r_{2}, -r_{3})231132$
.
$Z_{3}(=Z_{3}(-r_{1}, -r_{2}, -r_{3})):=\zeta_{3}(-r_{1}, -r_{2}, -r_{3})231$ .
PROPOSmON 3.3 $r_{i}(i=1,2,3)$ ,
$\zeta_{3}(-r_{1}, -r_{2}, -r_{3})=Z_{3}-K_{1}(r_{1}, r_{2}, r_{3})321$ ,
$\zeta_{3}(-r_{1}, -r_{2}, -r_{3})=Z_{3}-K_{3}(r_{1}, r_{2}, r_{3})123$ ,
$K_{i(r_{1},r_{2},r_{3})=(-1)^{r}r_{i}!\sum_{q=-1}^{r_{i}}(-r_{i})_{q}^{\pm}\mathfrak{a}_{q}a_{R_{3}+1-q(r_{i}+r_{2}-q)!}}:$ ,
$R_{3}= \sum_{j=1}^{3}rj$ . $i=1$ $+,$ $i=3$ .
PROPOSITION 3.4 $r_{t}(i=1,2,3)$ ,
$\zeta_{3}(-r_{1},-r_{2}, -r_{3})=Z_{3}-K_{1}(r_{1}, r_{2}, r_{3})+(-1)^{r_{3}}r_{2}!r_{3}!\zeta(-r_{1})a_{r_{2}+r_{3}+1}312$ ,
$\zeta_{3}(-r_{1},-r_{2}, -r_{3})=Z_{3}-K_{3}(r_{1}, r_{2}, r_{3})(=\zeta_{3}(-r_{1}, -r_{2}, -r_{3}))213123$
, 3 , $Z_{3}$ , . ,
.





, sgn $(\sigma)$ $\sigma$ .
, Corollary 3.2 Proposition34 2 .
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THEOREM 3.6 $k$ 3 . , $r_{i}(i=1, \ldots, k)$
,
$\zeta_{k}(-r_{1},-r_{2}, \ldots, -r_{(k+1)/2}, \ldots, -r_{k-1\prime}-r_{k})13k42$
$\sigma(1)\sigma(3)$ $\sigma(k)$ $\sigma(4)$ $\sigma(2)$
$=(k(-r_{1}, -r_{2}, \ldots, -r_{(k+1)/2}, \ldots, -r_{k-1}, -r_{k})$
. , $\sigma\in \mathfrak{S}_{k}$
$\sigma=(l_{1}l_{1}+1)(l_{2}l_{2}+1)\cdots(l_{n}l_{n}+1)$
, $l_{j}$ $0<l_{j}<k$ . $n\leq(k-1)/2$ .
THEOREM 3.7 $k$ 3 . , $r_{i}(i=1, \ldots, k)$
,
$\zeta_{k}(-r_{1}, -r_{2}, \ldots, -rk)=\zeta_{k}(-r_{1}, -r_{2},., -r_{k})12k\sigma(1)\sigma(2)..\sigma(k)$
. , $\sigma\in \mathfrak{S}_{k}$ $\sigma(k)=k$ .
, [7] . , .
4
, ([4]).
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